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Abstract

We analyze a bargaining model where there is a long-term relationship between a seller and a buyer
and there is bargaining over a sequence of surpluses that arrives at fixed points in time. Markov Perfect
Equilibria are analyzed and equilibrium payoffs characterized. The transfers between the players can
be described as a first-order system of difference equations. Payoffs depend on both current and future
surpluses. Future surpluses are important partly because the risk of separation leads to the loss of
surplus today and in the future and partly because delay without separation can last into future
periods. We also find conditions for existence and uniqueness of equilibria with immediate agreement.
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1 Introduction

Negotiations often take place in long-term relationships where surpluses sequentially arrive over time.
Some examples of such situations are firm-worker bargaining in models where labor is not perfectly mobile
and bargaining between upstream and downstream firms when there is a long-term relationship between
the two firms. This problem has also received attention in the literature. Muthoo (1995) analyzes a model
where players bargain over a sequence of surpluses and where the arrival of future surpluses depends on
the time of agreement. Also, the papers by Felli and Harris (1996) and Leach (1997) analyze models
where the sequence of bargaining situations are interdependent. More recently, Hall and Milgrom (2008)
analyzed a bargaining model with both a probability of breakdown and conflicts, following the lines of
Binmore, Rubinstein, and Wolinsky (1986). There is also an extensive macro literature on repeated wage
bargaining; see e.g., Christiano, Trabandt, and Walentin (2011).

In this paper, we analyze a bargaining model when there is a long-term relationship between a buyer
and a seller and when there is bargaining over a sequence of surpluses. We analyze Markov Perfect
Equilibria and characterize the equilibrium payoffs.

In the model, a seller and buyer are locked into a long-term relationship. Surpluses arrive sequentially
at given points in time. When a surplus arrives, the seller and buyer bargain over the surplus for a fixed
number of rounds, whereafter the surplus vanishes. Initially, when the surplus arrives, either the buyer or
seller is randomly selected to be the proposer. If the proposal is accepted, the surplus is divided according
to the proposal and if the proposal is rejected, play either moves to the next round or breaks down. If play
moves to the next round, players get disagreement payoffs that are different from the breakdown payoffs.
In the next round, a proposer is randomly selected to make a proposal and so on. Bargaining over the
surplus thus proceeds for a given number of rounds until the surplus is forfeited after the final round. A
new surplus arrives and then bargaining over the surplus starts anew. The model generalizes the credible
bargaining framework in Hall and Milgrom (2008) that also allows for both a probability of breakdown
during negotiations and an outside option based on the payoffs under disagreement. In addition we allow
for an arbitrary number of bargaining rounds in each time period and a more general payoff structure.
We find conditions for the existence and uniqueness of immediate-agreement equilibrium.

We analyze the equilibrium payoffs and find that the payments between the players can be described
as a first-order system of difference equations. The solution of this system is described as the number of
rounds goes to infinity and equilibrium payoffs can be described in terms of (initial round) current surpluses

and future values in the game besides payoffs in terms of disagreement and breakdown. Specifically, note



that the transfers between the seller and the buyer depend both on current and future surpluses, despite
the fact that parties only bargain over current surpluses; as soon as a new surplus arrive, bargaining over
that surplus starts anew. This is partly because bargaining under a risk of breakdown entails the risk of
losing both current ant future surpluses and partly because delay without separation can last until a new
surplus arrives, which means that future surpluses affect the current bargaining outcome.

The model in this paper is different from the model in Muthoo (1995), where the time of arrival of
future surpluses is dependent on the time of agreement. Nevertheless, the payoff is dependent on the
expected value in future agreements. As in Muthoo (1995), the division of surplus is different from the
division of the surplus in a standard bargaining game, see for example Rubinstein (1982), although for
other reasons than in Muthoo (1995).

The bargaining model is introduced in section 2. Section 3 analyzes the equilibrium and finally section

4 concludes the paper.

2 The model

There are two parties i € N = {b, s} bargaining over a sequence of values {v;}5° where v; = {v}, v} € R?
is the value that arrives in time period ¢. In a given time period ¢, the parties bargain over how to share
the surplus. Bargaining in period ¢ over v; takes place in R rounds; a round lasts for A = % units of time.
If an agreement is reached between the parties on some payoff division, the distribution is implemented
in round 7 in period ¢. If no agreement is reached before or in round R the surplus is forfeit. During
bargaining, the parties separate exogenously with probability § when a proposal is rejected. Parties
discount future values by the discount factor 5 per time period. Thus, the value in period t of receiving a
unit of goods in period t' > t is Bt/*t. In each round, the proposer is randomly selected with probability
p for the seller and p? for the buyer. A strategy in the game for player i is denoted o;. Let 0 = (0;)ien
and let X denote the set of strategy profiles. In general, the strategy at any round in time period ¢ is a
function the history up to that round.

Payoffs are potentially nonlinearly dependent on v;. Let Y} (vj) denote the current (net transfer)
payoff of the seller in round r and time period t if agreement is reached in that round and time period.
Similarly, let ¢y (vf) denote the current (net transfer) payoff of the buyer in round r and time period t. As
an example, suppose a firm is bargaining with a worker over a fixed labor input of the worker that is used
in the production of a good that the firm sells. Y7 is then the utility cost of supplying labor for the worker

and ¢; the gross profits of the firm. We assume that surpluses are nonincreasing in rounds; T{' <Y} and



@7 > ¢ for ' > r. An example of T} and ¢} that satisfies this is as follows. Assume there is a fixed
surplus v; that arrives at the start of ¢ and that shrinks by 6; we have T} = 07 "D2y5 and ¢ = 9U—DAD.
The net surplus of agreement is ¢; + Y;. Letting W/ denote the transfer between agents in cases where
an agreement is reached, total current payoffs are then Y} + W) and ¢; — W/'. Furthermore, let H denote
the set of histories and let h} denote the history up to round r and time ¢ and let h? denote the history
before the first round in period ¢. For any strategy profile o € X, let o (hg +1) denote the restriction of o
to the histories consistent with A} ;. Given the history A}, let V" .y (k1,0 (hj,;)) denote the present
value of the seller that accrues if play follows the strategy profile o ( 3 +1) following hj, ; for all periods
t' >t + 1. Similarly, let F} (h;" 11,0 (h’{ +1)) denote the present value of the seller. Given a strategy
profile o that prescribes agreement in round r and period ¢ on the transfer W/, the continuation payoff
of the seller is

T+ Wy + ﬁ‘/}qu (h?+1» o (h?+1)) (1)

and the continuation payoff of the buyer is
¢ — Wi + BEL (hiyr.0 (hia)) (2)

where hY 1 = {hi, W], A}. The model is a generalization of Hall and Milgrom (2008), both because we
allow for R > 1 rounds and for a more general payoff structure. Thus, let U; denote the value for the seller
when there is a breakdown in bargaining. For the buyer, the value in case of a breakdown is normalized
to zero. If an agreement is not reached in a bargaining round r, the seller receives Z;A and the buyer
A in the round. We assume 2; > 0 and 4; > 0. The difference between this model and the model in
Muthoo (1995) is that surpluses arrive at fixed points in time in this paper while they arrive at a fixed
time after an agreement in Muthoo (1995). Moreover, proposers are selected at random in this paper
instead of sequentially.

In the paper, we focus on Markov strategies. A Markov strategy depends on 7, ¢ and the payoff
relevant variables. A Markov Perfect Equilibrium is a SPE in Markov strategies (MPE). For a formal
treatment, see Maskin and Tirole (2001).

3 Equilibrium

By standard arguments, in any MPE where an offer is accepted with positive probability, when being

selected as proposer, the proposer offers the respondent a transfer such that the respondent is indifferent



between accepting and rejecting. Let W,>* denote a proposal by the seller and let Wtr’b denote a proposal
by the buyer in round r. Define A = % and let § = %. For now, we restrict attention to equilibria where
an agreement is reached; below we describe conditions for existence and uniqueness. Then, as long as

r < R, in any equilibrium prescribing an agreement, the buyer offers the seller Wtr’b such that

W L (e ()
= OAUL+ (1= 88)p} [2A+ 8% (X W 4 BTV, (W0 ()] )

(1= 08)pi [2A + 8% (T4 W 4 8V, (We (1))

where h, |, h{,, and hY/, are identical up to period ¢ and before round r. Following round r in period

t, h? 1 prescribes acceptance of Wtr’b while h?ﬁrl and h%l prescribes rejection of Wtr’b and acceptance
of W/ L0 and W/ +1’$, respectively. Note that, since we analyze Markov Perfect equilibria, we have
VO (hy1,0 (hYy)) = V&1 (B, 0 (RYL)) = V& (WY1, 0 (hY)))) = V{5, and similarly for the seller.

Then, as long as 7 < R, the seller offers the buyer W,”* such that

T 7,8 gl N L r r+1, B-r
o =W, + 0 E thi-l = (1—6A)pé’ [’YtA+BR (th“ _Wt+1b+5 R Flg—l)i|
~ 1 r r ,S R—r
(1= 00)p; [3,A + BR (o7 = W 4+ BURE R )] (4)

When r = R, the values are

1 A 1
TR WS+ GRVS, = 6AU + (1= 68) phyy [58 + 8% (T8, + W + 5V, )|

) 1 s
+ (1= 6A)piys [ztA + BE (Tg+1 + Wg’_l + 5%&2)] (5)
and

s L N 1
OF — Wi+ BRFL, = (1= 08) ply [7eA + 5% (900 — W + BFL, )| (6)

+(1-0A)piy [’%A + 5% (¢?+1 - WtOf1 + Bth&-Q)} .

Before proving the main result, the following example illustrates that transfers in a given period ¢ depend

on e.g., surpluses in all time periods following ¢.

Example 1 A simple example with two time periods and one round in each time period. Proposer prob-



abilities are £, B =1 and Y} =0 fort = {1,2}, Uy = U, %1 = 25 = 2, 4, = 45 = 4, for t = {1,2} and
#1 # ¢s. In the last round, we have

Wy = ¢5—(1-0A)4A
Wy? = AU+ (1 —6A) 2A. (7)

Then the continuation payoffs at the beginning of period 2 can be written as, using A =1,

(1-9)% (¢>2 (6U + (1 - 0) 2))
(¢5—(1—5)’?)+§(5U+(1—5)2)' (8)

N~ N

In the first time period transfers are, using (5) and (6),

W = eb e B - (1-0)5 [+ (b - wa?)] - (-0 [+ (oh - w3)].

Wit =6U +(1-6 [ +W2“’} 1—5)%[2+W21’8]—V20- (9)

1
2
Clearly, the wage I/Vll’S and Wll’b depend on second period surplus, as long as § < 1.

Note that the transfers between the seller and the buyer depend both on current and future surpluses,
despite the fact that parties start to bargain as soon as a new surplus arrives, as long as breakdown
probability is less than one. This is partly because a breakdown of negotiations risks losing both current
and future surpluses, in turn having the implication that future surpluses affect the current bargaining
outcome, and partly because delay without separation might last until future surpluses arrive.

We can rearrange the equilibrium conditions for making an acceptable proposal (3) and (4) in any
round r < R so that the transfers between the seller and the buyer can be characterized by two difference

equations. Thus, we have, for r < R — 1,

Wtr,b . Wtr+1,b
- = (1—-0A)BERA, S— + B} (10)
t t
where
b b
_ 1-—
A, = Py Yz (11)
P} 1-pf



and

B = (@-oa) (za + [por! v - ui]) - (v GI0) . (12

- [(1 —0A) ('A)’tA‘i‘ [5 ¢T+1 +5R 7 t+1D (¢t +5R 7 t+1>}

This follows easily by rearranging expressions (3) and (4). Intuitively, the current transfers are equal

to a combination of a current round payoffs, as given by By, plus a probability-weighted average of the
transfers in the next round, modified by discounting and the probability of breakdown. Note that A; is
idempotent.

Moreover, the equilibrium conditions (5) and (6) for making an acceptable proposal in the last round of
period t, i.e., when a rejection leads to complete forfeit of the surplus in period ¢ and continued bargaining

in period ¢ 4+ 1, can be rewritten as

kb ) L
Lo =) pRA | | 4 BE (13)
W, W

where
((1 - 6A) <2tA + [B%V;fg-l - Ut]) (TR + BR t+1 Ut))

R _
" - [(1 —dA) (%A + 5%511) - (¢t + t“ﬂ

(14)

By repeatedly using expressions (10) - (12) and expressions (13) - (14) in a MPE with immediate

agreement, the solution for the transfers between the seller and the buyer is given by

th’b R—1 — WtR’b
e | = (1-6A) 1 377 4, R + B} + Z —SA)"T' 3R A,B! (15)
¢ ¢
and
R - b
tRS = (1-0A)BRA t;rsl +BtR- (16)
W Wi

The following Lemma describes the transfers as a first-order difference equation.

Lemma 1 The transfers between the seller and the buyer are given by the following difference equation:

Wl,b ~ Wl,b
t — (1 _ 5A)R 5At+1 t+1

+ B+ —0AY LB
th’s thfl Z

4, B (17)



The following example shows that uniqueness of an immediate agreement equilibrium cannot be guar-

anteed.

Example 2 An example with two time periods and one round in each time period (i.e., A =1). Proposer
probabilities are %, B=1,%=4=0and Y1, =0 fort = {1,2}, Uy = ¢ +~ and ¢ > Us. In the last

round, equilibrium prescribes agreement and we have

W,* = ¢3

W21’b = (5U2. (18)

Then the continuation payoffs at the beginning of period 2 can be written as

1
R = 3 (¢3 — 0U2)
1
vy o= B (¢3 — 0U2) + 6Us. (19)

Consider a candidate equilibrium where unacceptable offers are made in period 1. Then payoffs in period

1 are

(1-6)Fy (20)

SAUz + (1 —6) V3.
If the buyer deviates and makes an acceptable offer W = Wll’b + ¢ for some € > 0, the wage has to satisfy
(W—s)+V20zaAUl+(1—5)v20:»W:5U2—5V20+5. (21)

Then the gain from making an acceptable offer is, using that FY + Vi = ¢§,

o1 +6 (o3 —Uh) —e. (22)
The above expression is violated if
1
%<U1—¢§:7. (23)

Since an identical condition can be established if the seller deviates and makes an acceptable offer, there

18 an equilibrium with zero probability of agreement in period 1 if v is large enough. Note that the above



expression implies dﬁ + ¢% < Uy, since § <1 when R =1.
To ensure existence, we impose the following conditions on payoffs.

Condition 1 For allt andr < R,
S+ Ty > O+ T+ HA + A

and, forr =R,
op + Y7 > 2 A +4,A.

Condition 2 For all r,t we have

O+ 17+ 87 S (87 (S + Tha) > e
=1

The first condition requires that there is a surplus in agreeing rather than disagreeing and remaining

in the relationship and the second that there is a surplus in disagreeing rather than separating.
Proposition 1 If conditions 1 and 2 are satisfied, an immediate agreement MPE ezists for any A < 1.

Proof: See the appendix. B

To show uniqueness we restrict attention to convergent sequences of Uy, 2; and 4,. Let

t—o0

z = lim % (24)
t—o0
t—o0

We restrict the limits of the inside and outside options in the following way.

Condition 3 U, z and ¥ satisfies
U<z+7.

Proposition 2 If conditions 1, 2 and 3 are satisfied, then there is a B such that, for any 8 > 3,' the

immediate agreement MPE is unique for any A < A.

! Note that B = % If the yearly discount rate is 4%, the condition is satisfied if surpluses arrive in intervals of up to
almost 25 years.



Proof: See the appendix. B

Due to conditions 1 and 2, the only reason for delaying is that the value of breakdown in the future
is larger than remaining in the relationship. Given the fairly mild condition 3, the proposition rules out
the case with delayed agreement. 2

Equilibrium transfers as A — 0 can be found by repeatedly using expressions (15) - )16), together

with the following continuity and boundedness conditions.

Condition 4 For all r,t such that r < R — 1 we have

lim ¢t = ¢
lim ¢ o
lim Y7t = 7.
A—0

Furthermore, lima_ o ¢f* = 0 and lima o T = 0.

Condition 5 The sequence of surpluses {Y}}22, and {¢}}2, satisfies

o) t+1
Jim fim 3 Hl(a—éA)R)ﬁ (Sh4s + They) =0, (25)
1= J=

Thus, the surpluses grow slower than breakdown-adjusted discounting, ensuring that the total dis-
counted value when bargaining is finite.

The equilibrium transfers are given by the following proposition.

Proposition 3 Suppose conditions 4 and 5 are satisfied. In a MPE with immediate agreement, the

solution to the system of difference equations (15) and (16) when A — 0 is given by

Wl,b © o ~ ~
tLS = B¢ A (Brri + Diya) (26)
Wy i=0

2If the sequences are not convergent, there is a unique equilibrium if condition 3 is modified to

ﬁ limtiilgo U + — lim Elgo (3¢ +4,) > lim sup U;

_—mp
6-11’lﬂ t t— 00

10



where

_ 1—Bed [ 0Uiti+ 2 — 0V, 14
Biyi = ——=

0—Inf i+ 0F 41
_ 1L .
Dt—i—i _ 1t+z )

Giti

lim W' = lim W*
A—0 A—0

Moreover,

Proof: Step 1. Preliminaries and showing lima_q th’b = lima_q th’s.
Note that we can write

Bi = B + Dj,

where, for r < R,

Bre ( 10 ) R ( SU, + (1 — 6A) 2 — 8 (B1"A+AY0 ) ) |

0 —1 (1—6A)4, — 6 (8" "ATAFY,)
and
Dr B 1 0 ([5A (1 o 5A) T;’-ﬁ-l + Bl_rA—FA‘/tg»l]) o (TZ; + 51—7’A+A‘/t9r1)
t 0 1 (ﬂA (1—6A) gt _i_ﬁlfrAJrAFtoJrl) — (¢ +517rA+AFto+l) ‘
and for r = R,
o[t 0 A U+ (1= 0A) 2 — 6 ([B4TE, + B 2VEL])
0 -1 (1—0A)4, — 0 ([B21, + BTAEL,))

and

o ( 1o ) ( ([82V%]) — (Tf+ 87V, )

(B2F2) — (off + BEFD,)

11



Using expressions (15) - (16) we then have

kb i ) wlb
L H ( 1 - 6A) 5At+j) i (34)
Wy =1 WtJ:s

i=0 \j=1

t i
+> (11 ((1 - 5A)Rﬁf_1t+j> (Bt+z + Z —0A)1 B At+th+l> :

If the sequences {T}}22, and {¢}}$2, satisfy condition 5, we have

1b

Wl 0
lim H ( (1—6A) BAt+]) i) = . (35)
f—o0 j=1 t_;_f 0

Hence the first term in expression (34) goes to zero as ¢ — oo. Moreover, noting that Bf = B} + D} gives

Wl,b 00 7 B _ _
! = 11 ((1 - 5A)R5) Avrj | (Biyi + Diyy) (36)

1,s
W, i=0 \j=1

.

R—1
((1—5A)R6) Ay (Z (1—0A) LB R Ay (Bt+1+DW)>

r=2

[T ((=02)78) Ay | (1= 02)"" 6" Ay (B + DE) .

Note that, by the definition of A;y;, the only terms that are different in th’b and th’s are B} and D}.

Then, since lima_.o B} = 0 and we have lima_,o D} = 0 by using condition 4, it follows that

1,s
11310 wit = hm W~ (37)
Step 2. Computing B;,; and D;;.
Define
_ R r—1 —
By = Z (1-6A)"1 8" By, (38)
r=1

Then, using the definition of R and B i

-1

e 1o (1-6A)FpR [1 0 Ui+ (1 —6A) 2 — 6 (5%‘431) (39)
t+i 1
A-a(-08)pm \ 0 -1 (1-02)4, - (BHFY,)

12



Letting

R—oo
and using that
1-(1-65)%8  1-pe

im = 41
Roo R_R(1-6L)pr 0—Inf 4D

and the properties of A;,;, i.e., we have At+jAt+i = A;y;, we can establish (27) in the proposition. To

establish (28), let

Dy=Y (1-6A)"'5"" D, (42)

and note that DtEH can be written as

R—1 A r+1 r R
r— 1—-0A)YIT: X7, . _ TR
(1— 62 )T_lﬁTl 5A( ) t+zl t+i (1= 5A)F1 5% :rz ’ (43)
r=2 B=(1-6A) ¢:iz — Pt AT

a telescoping series and hence, using that limp_o D} +; =0, that At+]’At+i = A;.; and defining

" . i
Diyi = lim (Diyi + D) = ) '
— P

we can establish (28).H

The proof divides up the round payoff in (12) in terms of flow round payoffs in expression (27) and
surplus changes between rounds in (28). Specifically, even if transfers in (15) depend on the surpluses in
all rounds in the current period through By, the resulting wage depends only on the surplus in the first
round in each time period. From a technical perspective, this is because the payoffs in expression (17)
depend on the change in surpluses between rounds implying that surpluses for higher rounds enter payoffs
in a telescoping way and hence cancel themselves out, leading to that transfers depend only on first-period
surplus. Note also that, since agreement is reached in the first round, total payoffs depend only on first-
period surplus. Thus, we can express the equilibrium payoffs partly in terms of future disagreement and
separation payoffs, i.e., Us44, 2t and 4, ;, and partly in terms of future values of the problem, besides

depending on current first round surplus.

Remark 1 Note that expression (17) in Lemma 1 can be written as
th’b = 6_55Wt1_~7_b1 + At (Bt + Dt) . (44)

13



Generally these expressions are somewhat complicated. However, in the special case when the prob-
ability of breakdown vanishes (i.e., d — 0), equilibrium payoffs have a simpler and more intuitive form.

Then (26) becomes

W e 2B i — Tl
1s | ZBZAHZ' i—ﬁﬁ . Z tJlrl ’ (45)
W, =0 — g Vt+i T it

Remark 2 Note that, if there is no discounting between rounds in a given time period, but rather only

between time periods, the results above hold with minor modifications of conditions and results. Equation

(8) is modified to

TP+ W+ BV
= OAU +(1-88)p} [aA+ (T + Wi 4 v )] (46)

(1= 88) 7 [2A + (T7F 4w 4 88, )|

Equations (4), (5) and (6) are modified similarly. Straightforward modifications of Propositions 1 and
2 establish existence and uniqueness. Proposition 3 is modified so that (1 — 5A)T71 5%1 is replaced by

(1 —6A)""" and the adjustment of Bf in (12) is

(1= 0A) (2A + [T+ 8V, — UL]) — (Y7 + BV, — Uy)

Bl =
t (1= 8A) (%A + [0 + BFDL]) — (81 + BF)]

(47)

which is reflected in the construction of Bl and D} in the proof. In the statement of the proposition,
expression (27) when A — 0 is modified to

_ 1—e 9 OUsi + 2445 — 0 Voi
Bii=—— e (48)

0 Ve 55Ft0+i+1

Furthermore, we can write

1b 1w l—e?®
Wt — ﬁWt—‘—l ‘I’ 5
-5

1—
b (1= at) [P (s 097 — (00 42— 00V2)) + (oh + 1)

(6Us + 2 — 56V,) — Y} (49)

14



As 6 — 0 then limg_.q 17§_6 =1 and hence

W = (U - BVE) + 54— T} (50)

+ (1 —plt’) (¢% + T =4, = 0U; — 3 + 683 (FtOJr1 + thrl)) +5Wt14}b1-

Thus, the value of agreeing is equal to the disagreement value (the right-hand side terms on the first row)
plus the seller proposer probability (1 — pft’) times the surplus of agreeing plus the future wage (capturing
future surpluses). When the probability of breakdown parameter § goes to infinity, equilibrium payoffs
depend only on the separation payoffs and not on z; and 7,, besides current and future values. Too see

this, note that, as § — oo, we get

. 1—e™® .
th,b — 61;21(}]9? |: ; (5Ut + 2t — (5,3‘/;(_),'_1) — Tt1:|
: B [L—e . 0 1
+61Lf{)10 (1 - Pt) 5 (=3¢ +0BFL) + ¢y | - (51)
Since limg_, o 1_§_5 — 0, we thus get
b
Wt = (1= pb) (6} + BF) = of (O} + BV — Uh), (52)
implying that the payoff of agreeing is
T+ W+ 8V = (1= pb) (8 + BF% + (Y} + BVE)) - U) + U, (53)

i.e., the separation outside option plus the proposal probability times the total value of agreeing. Note that
the above expression differs from (45) in that the current payoff of agreeing for the seller depends on the

outside option Us.

4 Concluding remarks

In the paper we analyze a bargaining model when there is a long-term relationship between a seller and
a buyer and bargaining over a sequence of surpluses arriving at fixed points in time. Markov Perfect
Equilibria are analyzed and the equilibrium payoffs characterized. We find conditions for uniqueness and
existence of an immediate-agreement equilibrium. Furthermore, we show that the transfers between the

players can be described as a first-order system of difference equations in terms of current and future

15



transfers.

We find that the transfers between the seller and the buyer depend both on current and future
surpluses, despite the fact that parties starts to bargain as soon as a new surplus arrives, as long as
breakdown probability is positive. This is not only because bargaining under a risk of breakdown risks
losing the surplus both today and in the future, but also because delay without separation might last until
the arrival of future surpluses, which in turn means that future surpluses affect the current bargaining

outcome.
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Appendix

This appendix gives proofs of some of the results in the paper.

Proof of Proposition 1. Suppose the buyer is the proposer. The seller case follows by a similar
argument.

Case 1. Suppose r < R. The wage when making an acceptable offer is

R—r+1

PR 1A s e T

= G+ (1-38) g [2d + B (X7 W4 5V )] (54)

F(1—6A) [é’tA 1 8% (T;H 4L 5%\/&1)}

and when making an unacceptable offer

(1= 68) (—phaRwy ™ —pigh w4 (5,8 + (B + 87 F L) | (55)

The gain of making an acceptable offer is then

R—r+1

67 — (1= 88) (BRa™ 4+ 4,A) = (W)" = (1= 68) gF (W71 4 im0 ) ) 4 088" F Y. (56)

From expression (10) - (12) we have

(Wi = (1= o0 g (Wit i 1)) (57)

- ((1 _§A) (aA + B%T;"“) - (T; +OA (,BR’FIWH - Ut))>

and hence expression (56) is
07 + Y5 — (1= 80) (BRGIH + BRI + 54 +5,4) + 00 (B (Flh + V) - U) . (58)

Using conditions (1), (2) and that

o

F+VE, = Z (8°) (4 + Tips)
i—1
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we establish that there exists a A such that

OF + 17 — (BRI 4 BAYTT 4+ A +4,A) > 0, (59)

+1
op + i (Fea + V) -U: > 0

for any A < 1.

Case 2. Suppose r = R. The gain of making an acceptable offer is
~ 1 S 1
Of = (1 60)5,A — (W = (1= 68) 8% (pp Wi + i W) ) + 0ABRFS. (60)
From (16) we have

(WtR P —(1-0A) L <pt+1Wt+1 + pt+1Wt1+$1)) (61)
- ((1 —§A) (ztA + [ BEVY, — UtD - (T? +BRVY, — Ut)>

and hence (60) can be rewritten as
OF + I — (3 +4,A) + 80 [BF (VO + Flyy) + (3A +4,4) - i)

By similar arguments as in Case 1 there is a A such that the expression above is positive, for all A < 1.

Combining case 1 and 2 and letting A = min{ﬁ, A} we establish existence for any A < 1. B

Proof of Proposition 2. Suppose the buyer is the proposer. The seller case follows by a similar
argument.

We first show that, if it is profitable to make an acceptable offer in round r in period ¢, then it is
profitable to make an acceptable offer in period ¢ — 1.

Suppose the MPE has a buyer proposal accepted in round r < R for some ¢t. Consider round r — 1

and suppose the buyer proposes W such that

YW+ BR 7 Vi,

R

= GAU,+ (1-68)p} [58 + 6% (17 + W70+ 5"F V)] (62)

)

for some ¢ > 0. Clearly, the seller accepts this offer with probability one for any € > 0. The payoff when

+(1—0A)ps [2tA + B (*r;"“ + W+
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an unacceptable offer is made is
(1= o8) (bW —pipF W + [5,8+ (8% 6] + 87 FL ) |) (63)
Note that we can set & such that W — & = WtT’b and hence the gain of making an acceptable offer is then
17— (1= 08) (B +3A) — (W] 42— (1= 88) BF (ppW]" + piWi*) ) + 0AB°F Flyy. (64)
Using expression (57) as in the proof of proposition 1 above, we have
PR = (1= 8) (BRep + BRI + 5A +5,A) +0A (B (Fly + Vi) = Ur) —e. (65)

For any 5 > é = [ we have

—Ing .

. . g .
5Ut+v + Zt4v + ’}/tJrU) > mUtJrv + m (Zt+U + ’}/tJr,U) . (66)

1
5—ln6(

Hence, from condition 3, there is a t* such that, for any ¢t > t*, we have

1— ﬂeié © _ v—1 N R
m ; (56 5) (5Ut+v + 2o + 7t+v) (67)
5\ o _s\v1L ) —Ing .
> <1 — Be 5) ; (,66 5) ((S—lnﬁUtJrv + m (Zt+v + 7t+’u)> > Us.
Since
1—Bed & _s\v L . .
thH + ‘/t(}kl > m ; (,66 6) (6Ut+v + Ztpo T+ f)/t—i—v) ) (68)

condition 1, 2 and 3 establishes that, for € small, there exists a A such that expression (65) is positive for
A < A whenever 8> %
Suppose the buyer proposal is not accepted in any round. Consider round R and suppose the buyer

proposes W such that
R T L1,0 b2 L1,0 s[a 1.0
TE LW — e+ BRVE, = 6AU, + (1 — 6A) pl |44 + SRV, | + (1 - 6A) p [ztA+BRVt+1]. (69)

The seller accepts this offer with probability one as long as € > 0. The payoff when an unacceptable offer
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is made is

. 1
(1-80) [, + R, | (70)
and hence the gain is

OF +TF — (1= 58) (58 +5,A) + 64 (B (V2 + Flhy) = Ur) — <. (71)

Again, for ¢ small, there exists a A such that expression (65) is positive for A < A whenever 8 > %
Combining case 1 and 2 and letting A = min{A, A} we establish uniqueness for any A < A whenever

1
g><. N
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