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1 Introduction

The modern theory of monetary policy emphasizes the management of expectations. In New

Keynesian models frequently used for policy evaluation it is not so much the current interest

rate, but anticipated movements in future interest rates that are central to aggregate demand

management. Movements in current and future expected interest rates are linked through

arbitrage relationships. Through the appropriate choice of current interest rates, good policy

seeks to have these expectations evolve in a way that achieves the most desirable short-run

trade-o¤ between in�ation and the output gap. An important question then is whether the

e¢ cacy of monetary policy is compromised when current interest-rate movements are not

e¢ ciently transmitted to various longer-term interest rates relevant to spending and pricing

plans of agents in the economy. Is the potency of monetary policy diminished when there is

imprecise control of interest-rate expectations? That this is a relevant practical concern is

well-captured by the following quote from Bernanke (2004):

�[...] most private-sector borrowing and investment decisions depend not on

the funds rate but on longer-term yields, such as mortgage rates and corporate

bond rates, and on the prices of long-lived assets, such as housing and equities.

Moreover, the link between these longer-term yields and asset prices and the cur-

rent setting of the federal funds rate can be quite loose at times.�

This paper proposes a theory of imprecise control of long-term interest rates motivated

by various properties of aggregate time series data. Figure 1 plots time series of expectations

data. The top panel shows the evolution of expectations of the 3-month Treasury Bill rate at

the one-quarter and four-quarter horizons, taken from the Survey of Professional Forecasters,

and the 1-2 year-ahead and 5-10 year-ahead forecasts from the Blue Chip Economic Indicators.

In addition to the general decline in the level of interest-rate expectations, all time series show

a degree of cyclical sensitivity, with short-horizon expectations exhibiting signi�cantly wider

swings. Importantly, movements in long-term expectations are correlated with movements in

short-term expectations � there appears to be drift in long-term expectations that depends

on current macroeconomic conditions. The bottom panel juxtaposes the 5-10 year nominal

interest-rate forecasts with a corresponding forecast of in�ation, computed using the GDP

de�ator, adjusted for an estimate of the real rate of interest. The drift in the latter has

1



1990 1995 2000 2005 2010

3
­
M
o
n
t
h
s
 
T
b
i
l
l

0

1

2

3

4

5

6

7

8

9

1990 1995 2000 2005 2010

3
­
M
 
T
b
i
l
l
;
 
G
D
P
 
d
e
f
l
.
 
+
 
2
%

3

3.5

4

4.5

5

5.5

6

6.5

7

Figure 1: Survey data on 3-month Treasury Bill expectations. Panel 1: the one-quarter (solid
black) and fourth-quarter ahead (solid grey) expectations from the Survey of Professional
Forecasters, and the 1-2yr (blue square) and 5-10yr (red circle) forecast from BCEI. Panel 2:
the 5-10yr Treasury bill forecast (red circle) and the GDP de�ator forecast (blue diamond).

much less cyclical variation, though is quite distinct from that in nominal interest rates.

This suggests that drift in interest-rate beliefs likely re�ect both long-run nominal and real

considerations.

Standard models used in macroeconomics are inconsistent with these observations. For

example, the baseline New Keynesian model implies near-constant medium-term forecasts

even when augmented with habit formation in consumption demand and in�ation indexation

price setting � see, for example, Gürkaynak, Sack, and Swanson (2005). Long-term outcomes

for any macroeconomic variable are assumed to be known and �xed. In contrast, the survey

data on expectations suggest beliefs about long-run outcomes exhibit drift over time. Evidence

for such drift is also found in empirical models of in�ation (see Stock and Watson, 2007;

Cogley and Sbordone, 2008; Cogley, Primiceri and Sargent, 2010), the output gap (see Stock

and Watson, 1989; Cogley and Sargent, 2005; Laubach and Williams, 2003) and nominal

interest rates (see Kozicki and Tinsley, 2001; Gurkaynak, Sack and Swansson, 2005). The
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question is whether this matters for monetary policy design?

This paper builds a canonical New Keynesian model consistent with these facts by letting

households and �rms have prior subjective beliefs that macroeconomic data contain low-

frequency drifts. This belief structure implies a true data-generating process under which

expectations and macroeconomic time series exhibit drift: the model is self-referential with

beliefs a¤ecting the true data-generating process which in turn a¤ects beliefs. Beliefs are

to some degree self-ful�lling. The priors, a primitive of the analysis, have clear economic

interpretation: drift in nominal variables re�ect uncertainty, or imperfect credibility, about

the in�ation target, while drift in real variables, such as wages, re�ect uncertainty about

long-run technological possibilities. These are example of �shifting end-points�discussed by

Kozicki and Tinsley (2001). Estimates of the drift are obtained from a standard �ltering

problem, and revised as new data become available. Conditional on this belief structure the

remaining model features are standard.

In this environment optimal monetary policy is characterized. The policy maker is assumed

to know the true structural relations of the economy and also private agent beliefs. This

is a best-case scenario. An important leitmotif of this analysis is that even when a policy

maker is unrealistically assumed to possess such knowledge there are important limitations on

what monetary policy can achieve. Unlike a rational expectations analysis of the model, the

aggregate demand equation is a constraint when choosing interest rates to maximize private

sector utility. As a consequence, the transmission mechanism of monetary policy is itself a

constraint on policy, and in contrast to optimal policy under rational expectations, a policy

maker cannot completely stabilize aggregate demand shocks. The Divine Coincidence does

not hold in this model � see Blanchard and Galí (2007).

The mechanism underpinning this result is easily inferred. Households�consumption de-

mand depends on long-term interest rates which mediates changes in the policy rate. In

response to a positive disturbance to the natural rate of interest, a policy maker would like to

raise nominal interest rates by precisely the same magnitude. However, the resulting short-

term forecast error of leads agents to revise upwards their estimate of long-term interest rates

in the subsequent period, which further restrains aggregate demand. Aggressive adjustment of

current interest rates presage excessive movements in long rates and macroeconomic volatility.

The fact that long-term interest rates are not anchored presents a new intertemporal trade-o¤
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confronting policy design. Optimal policy contends with this intertemporal distortion operat-

ing through beliefs by limiting the degree to which policy responds to current macroeconomic

conditions.

The sequel adduces evidence on the empirical relevance of long-term drift in expectations

and quanti�es the magnitude of trade-o¤ induced by such beliefs on the choice of policy. Using

data on survey expectations to estimate prior beliefs identi�es the existence of one nominal

and one real drift. Importantly, long-term beliefs about in�ation, interest rates and the output

gap are sensitive to short-run forecast errors in each of these same three variables. A model

with a constant gain is revealed to be substantially inferior. Consistently with the theoretical

results, optimal policy in the empirical model responds less aggressively to both natural-rate

and cost-push disturbances. As a result, the volatility of in�ation and the output gap under

optimal policy is substantial relative to a rational expectations analysis of the model. This

underscores the intertemporal distortion imposed by beliefs on policy design is quantitatively

relevant, shifting adversely the short-run trade-o¤ between in�ation and the output gap.

2 The Basic New Keynesian Model

This section develops a version of the canonical New Keynesian model widely used for mon-

etary policy analysis. Further details on the microfoundations can be found in Woodford

(2003) and Gali (2008).

A continuum of households i on the unit interval maximize utility

Êit

1X
T=t

�CT�
T�t �(1� �)�1 cT (i)1�� � �nT (i)� ;

where 0 < � < 1; � > 0 and � > 0, by choice of sequences for consumption, ct (i), and labor

supply, nt (i), subject to the �ow budget constraint

ct (i) + bt(i) � (1 + it)��1t bt�1(i) +Wtnt(i)=Pt + �t(i)

and the No-Ponzi condition

lim
T!1

Êit

 
T�tY
s=0

(1 + it+s)�
�1
t+s

!�1
BT (i) � 0:

The variable bt(i) � Bt (i) =Pt denotes real bond holdings (which in equilibrium are in zero net
supply), it the nominal interest rate, �t � Pt=Pt�1 the in�ation rate,Wt is the hourly nominal
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wage, �t (i) real dividends from equity holdings of �rms and �CT exogenous preference shifter.

The operator Êit denotes agents� subjective expectations, which might di¤er from rational

expectations. The latter is de�ned by the operator Et.

A continuum of monopolistically competitive �rms maximize pro�ts

Êjt

1X
T=t

�T�tQt;T [pt (j) yT (j)�WTnT (j)]

by choice of pt (j) subject to the production technology and demand function

yT (j) = nT (j) = (pt (j) =PT )
��t YT

for all T � t, with the elasticity of demand across di¤erentiated goods an exogenous process
satisfying �t > 1; and exogenous probability 0 < � < 1 of not being able to reset their price

in any subsequent period. When setting prices in period t; �rms are assumed to value future

streams of income at the marginal value of aggregate income in terms of the marginal value

of an additional unit of aggregate income today giving the stochastic discount factor

Qt;T = �
T�t(PtY

�
t )=(PTY

�
T ):

In a symmetric equilibrium ct(i) = ct = �
�1wt � Wt=Pt = nt = Yt for all i, pt (j) = pt (j)

and bt (i) = bt (j) for all i; j. To a �rst-order log-linear approximation, in the neighborhood

of a zero-in�ation steady state, individual consumption and pricing can be expressed as

ĉt (i) = Êit

1X
T=t

�T�t
�
(1� �) ŵT+1 � ��1 (̂{T � �̂T+1 � � (�cT � �cT+1))

�
(1)

p̂t (j) = Ejt

1X
T=t

(��)T�t [(1� ��) (ŵT + uT ) + ���̂T+1] (2)

where for any variable zt, ẑt = ln(zt=�z) the log-deviation from steady state �z, with the

exceptions p̂t (j) = ln (pt (j) =Pt), {̂t = ln [(1 + it) = (1 +�{)], ut = ln
�
�t=��

�
and �ct = ln

�
�Ct= �C

�
:

With a slight abuse of notation, the caret denoting log deviation from steady state is dropped

for the remainder, so long as no confusion results.

Aggregating across the continuum of households and �rms, and imposing market-clearing

conditions, the economy is described by the aggregate demand and supply equations

xt = Êt

1X
T=t

�T�t
�
(1� �)xT+1 � ��1 (iT � �T+1 � rnT )

�
(3)
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�t = Êt

1X
T=t

(��)T�t [� (xT + uT ) + (1� �) ��T+1] (4)

where the output gap is de�ned as

xt = yt � ynt = ��1wt

the di¤erence between output and the natural rate of output, the level of output determined

by a �exible price economy: here ynt = 0. The associated natural rate of interest rnt =

�(�ct � Êt�cT+1) is determined by �uctuations in the propensity to consume, which along with
the cost-push shock are �rst-order autoregressive processes. The aggregate demand equation

determines the output gap as the discounted expected value of future wages, with the second

term capturing variations in the real interest rate, applied in future periods, due to changes

in the nominal interest rates and goods price in�ation. That expected future dividends are

irrelevant to consumption plans, to the �rst-order, re�ects the assumption of an in�nite Frisch

elasticity of labor supply. The aggregate supply curve determines in�ation as the discounted

future sequence of marginal costs and the in�ation rate. The slope of the Phillips curve is

measured by � = (1 � ��)(1 � �)=�, while the exogenous process ut captures variations in
�rms�desired markup re�ecting variations in elasticity of demand �t.

3 Beliefs, Forecasting and Equilibrium Dynamics

Consistent with the basic data facts detailed above, households and �rms have the forecasting

model

zt = H 0
m�at�1 + 
sst�1 + et

�at = �at�1 + �t: (5)

The vector zt =
h
�t wt it

i0
includes endogenous variables that private agents need to

forecast, while �at denotes a vector of na unobserved random-walk drifts. Agents�priors on the

volatility of the innovations �t are de�ned by the variance-covariance matrix Qm = Ê (�t� 0t).

Subsequent analysis allows for the possibility that the number of the underlying drifts driving

the long-term behavior of the economy, na, can vary between one and three. Accordingly the

matrix Hm has dimension na�3. Finally st denotes exogenous disturbances and et is a vector
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of i.i.d shocks. Given an estimate of the drift, forecasts are computed as

ÊtzT = H
0
mat�1 + 
s�

T�tst for T � t (6)

where at�1 denotes the current estimate of �at�1 and where

st = �st�1 + "t

and � a diagonal matrix with eigenvalues inside the unit circle.

A few comments are required. First, beliefs of this kind can be interpreted as a �rst-order

approximation to more general belief structures � see Eusepi and Preston (2013) for further

discussion. Second, as shown by Kozicki and Tinsley (2012) for in�ation expectations and

Crump, Eusepi and Moench (in progress) for the joint behavior of in�ation, interest rate and

output growth expectations, a simple state-space model of the form (5) is consistent with the

term-structure of professional forecasts from a range of surveys. Third, the model implies

shifting end-points

lim
T!1

ÊtzT = H
0
mat�1:

The existence of uncertainty about long-term outcomes is a primitive of the analysis and

well-motivated by practical considerations. In the case of in�ation, long-run drift re�ects un-

certainty about a central bank�s in�ation target. And even if the in�ation targeting regime has

a degree of credibility, it is reasonable to suppose �nancial market participants continuously

evaluate a central bank�s resolve to achieve its objectives; in the case of wages, drift embod-

ies fundamental uncertainty about long-run technological advance. As shown by Eusepi and

Preston (2011), end-point uncertainty captures the most important e¤ect of uncertainty on

equilibrium dynamics; instead uncertainty about autoregressive components of dynamics have

limited impact on dynamics because of mean reversion. Fourth, a constant 
s retains linearity

in the model, permitting application of standard estimation techniques and a linear-quadratic

optimal policy problem.

The estimate of the drift, at, is updated using the steady-state Kalman �lter recursion

at = at�1 +Km(zt �H 0
mat�1 � 
sst�1): (7)
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The time-invariant Kalman matrix is

Km = PmHm (H
0
mPmHm +Rm)

�1

KmH
0
mPm = Qm

where Pm = E
�
(�at � at) (�at � at)0

�
andRm denotes agents�priors about the variance-covariance

of the shock et.

Di¤erent prior assumptions about the source of drift generate di¤erent Kalman gain ma-

trices. In the learning literature, updating in (7) is typically speci�ed by the assumptions

Hm = I3 and Km = �gI3. Sargent and Williams (2005) have shown that such a Kalman matrix

can be obtained from the Kalman �lter recursions provided agents hold a speci�c prior about

the drift volatility

Qm = �g
2Rm:

While a thorough discussion is deferred until later empirical evaluation of the model, where

prior beliefs will be constrained to be consistent with observed data on expectations, it is

immediate that this benchmark is quite restrictive. It asserts that long-run beliefs about any

given variable depend only on short-run forecast errors about the same variable. For example,

it excludes long-run in�ation beliefs being revised in the light of short-run forecast errors about

nominal interest rates. A contribution of this paper is to demonstrate more general structures

have important implications, both for our understanding of belief formation, and the role of

beliefs in macroeconomic dynamics and policy design.

The model is closed with an equation describing the behavior of the nominal interest

rate, discussed below. It is assumed that the time-invariant matrix 
s, which along with

the fundamental disturbances govern short-run dynamics, are given by the predictions of

the rational expectations model associated with any given monetary policy. Conditional on

beliefs and monetary policy these coe¢ cient matrices are determined by a standard �xed

point problem.

Evaluating expectations in the aggregate demand and supply curve using (5) permits these

relations, along with the monetary policy rule, to be written as

zt = C0H
0
mat�1 + 


�
sst�1 + 


�
""t (8)
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which denotes the true data-generating process � the appendix provides details. The matrix

C0 measures the impact that beliefs about the drift have on in�ation, the interest rate and the

output gap. The matrices 
�s and 

�
" denote rational expectations coe¢ cients. As common in

this approach to learning, dynamics are self-referential: beliefs feed back into macroeconomic

variables which in turn a¤ect beliefs. To see this, combine (7) with (8) to give

at = (Ina +KmC0H
0
m �KmH

0
m) at�1 +Km


�
��t:

Short-term disturbances lead to revisions in the estimated drifts, which depend both on the

impact of beliefs on the true data-generating process, C0, and the agents�priors about the

volatility of drifts and perceived short-term shocks, Km. The self-referentiality of beliefs can

lead to instability. Technically, this occurs if any eigenvalue of the matrix

Ina +KmC0H
0
m �KmH

0
m

lies outside the unit circle. This plays an important role in policy design, as discussed in the

next section.

4 The Optimal Policy Problem

This section characterizes the optimal monetary policy under long-term drift in expectations.

Assume that the central bank has rational expectations and has complete information about

the true structural relations describing household and �rm behavior. Interpret this as a

best-case scenario. To the extent that learning dynamics impose constraints on what the

central bank can achieve, these di¢ culties will only be more acute with limited information.

Moreover, the nature of these constraints might also inform the choice of less sophisticated

approaches to monetary policy.

The policymaker minimizes the period loss function

Lt = �
2
t + �xx

2
t

where �x > 0 determines the relative weight given to output gap versus in�ation stabilization.

This welfare-theoretic loss function represents a second-order approximation to household

utility under maintained beliefs. Feasible sequences of in�ation and the output gap must

satisfy the aggregate demand and supply equations, (3) and (4), and the evolution of beliefs
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(5). Because beliefs are state variables there is no distinction between optimal commitment

and discretion. The policy maker can only in�uence expectations through current and past

actions � not through announced commitments to some future course of action.

A more subtle issue warrants remark. The aggregate demand schedule is generally a

binding constraint on feasible state-contingent choices over in�ation and the output gap under

learning. Recall the rational expectations analysis of this model. The central bank minimizes

Et

1X
T=t

�T�t
�
�2T + �xx

2
T

�
subject to

xt = Etxt+1 � ��1 (it � Et�t+1 � rnt ) (9)

�t = �xt + �Et�t+1 + ut: (10)

It is well understood that the aggregate Euler equation is not a binding constraint. For optimal

bounded sequences of the output gap and in�ation, and their conditional expectations, one can

always determine an interest-rate consistent with those sequences. By construction of rational

expectations equilibrium interest-rate expectations are also uniquely determined under this

optimal policy.

That this logic no longer applies under arbitrary beliefs follows immediately from the

structure of aggregate demand. Even if the optimal policy problem determines unique paths

for in�ation and the output gap, and, therefore, expectations about future values of these

variables, current interest-rate policy still depends on beliefs about future interest-rate policy.

And for arbitrary beliefs it need not be feasible to choose a bounded interest-rate sequence.

Beliefs are a state variable so that subjective beliefs do not in general coincide with the objec-

tive probabilities implied by the economic model. This means the aggregate demand equation

is necessarily a constraint on what a central bank can achieve, since it takes appropriate ac-

count of the e¤ects of interest-rate choices on interest-rate beliefs. A concrete example will

be given later in this section.

Subject to aggregate demand and supply, and the evolution of beliefs, the central bank

solves the problem

min
fxt;�t;it; atg

�EREt

1X
T=t

�T�tLT (11)
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taking as given initial beliefs, a�1. The �rst-order conditions are described in the appendix. As

�rst pointed out by Molnar and Santoro (2013), an interesting feature of this decision problem

is that the �rst-order conditions constitute a linear rational expectations model.1 The system

can be solved using standard methods. Using results from Giannoni and Woodford (2010),

the following proposition can be stated.

Proposition 1 The model comprised of (i) the aggregate demand and supply equations (3)
and (4); (ii) the law of motion for the beliefs at (5); and (iii) the �rst-order conditions resulting
from the minimization of (11) subject the restrictions listed in (i) and (ii) admits a unique
bounded rational expectations solution for all parameter values. In particular, model dynamics
under optimal monetary policy are unique and bounded for all possible gains.

Proof. See Appendix.

Before delineating the basic properties of optimal policy with long-run drift in expecta-

tions, a special case of this result is worth mentioning. When the gain matrix converges to zero

the optimal policy coincides with optimal discretion under rational expectations. This result

is intuitive: for small gains beliefs are almost never revised. Because policy cannot in�uence

beliefs, which is precisely the assumption of optimal discretion, dynamics will correspond to

those predicted by optimal discretion.

Corollary 2 In the special case Km ! 0 optimal policy will give the same dynamic responses
to disturbances as optimal discretion under rational expectations.

This type of result has been discussed earlier by Sargent (1999) and Molnar and Santoro

(2013).

5 Intertemporal Trade-o¤s

This section gives content to proposition 1 exploring a number of implications. The following

maintains two assumptions. First, retain the standard assumption Hm = I3 and Km = �gI3.

Second, assume that disturbances are i.i.d.. The most important result is that complete

stabilization of disturbances to the natural rate of interest is generally not feasible: the model

does not satisfy the �Divine Coincidence�� see Blanchard and Galí (2007) and Gali (2008).

Additional trade-o¤s confront policy makers when there is long-term drift in expectations,

and most centrally, policy expectations.
1In an innovative study, Molnar and Santoro (2013) explore optimal policy under learning in a model where

only one-period-ahead expectations matter to the pricing decisions of �rms. Gaspar, Smets, and Vestin (2006)
provide a global solution to the same optimal policy problem but under a more general class of beliefs.
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5.1 Basic Properties

Figure 2 plots model impulse response functions to a one percent decline in the natural rate

of interest. The following parametric assumptions are made: the discount factor is � = 0:994;

the frequency of price changes determined by � = 0:8; the weight on output gap stabilization

�x = 0:05; and the gain coe¢ cient �g = 0:04.

Several observations are immediate. First, the optimal policy does not fully stabilize

in�ation and the output gap. In fact, optimal policy dictates nominal interest rates decline by

a relatively small amount when compared to the size of natural-rate disturbances, requiring

a degree of nominal and real adjustment. This is a fundamentally di¤erent prediction to

a rational expectations analysis. Optimal policy under rational expectations, under both

commitment and discretion, stipulates nominal interest rates move precisely to o¤set changes

in the natural rate of interest � aggregate demand and in�ation are completely stabilized.

Hence optimal policy under long-run drift in expectations is less aggressive. Second, optimal

policy is inertial: an i.i.d. disturbance requires interest rates to converge gradually back to

steady state after the initial impact. This inertia arises solely because of dynamics in beliefs.

In this way, policy has some similarities to the optimal commitment policy under rational

expectations in the presence of cost-push shocks. Third, there appears to be a negative

eigenvalue driving dynamics. The source of this dynamic is discussed in the next section.

By way of comparison, Figure 3 shows corresponding impulse response functions for a

standard Taylor rule, with �� = 1:5 and �x = 0:5=4. The principle di¤erence resides in

the impact e¤ects of the natural-rate disturbance. Nominal interest rates fall further to

accommodate the negative demand shock. This ameliorates the recession in real activity to

some degree, though ultimately delivers higher volatility in the output gap. The remaining

dynamics are qualitatively similar, a point to which we return.

Further insight is yielded by plotting volatility frontiers as a function of the gain coe¢ cient.

Figure 4 plots the standard deviation of the output gap and interest rate as a function of

the constant gain �g under optimal policy. Under maintained parameter assumptions there is

relatively small variation in in�ation, so it matters little whether we plot the sum of the output

gap and in�ation variation or the output gap alone. Only variations in the natural rate, rnt ,

drive economic �uctuations. The �gure describes outcomes under the welfare-theoretic loss
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Figure 2: Impulse responses to a one percent natural-rate disturbance under optimal policy.
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and the output gap (blue triangles); while a policy maker with a concern of interest rate
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grey dashed line.
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(11), and under a loss function

Lt = �
2
t + �xx

2
t + �ii

2
t

that also penalizes volatility in the interest rate. Recall optimal discretion corresponds to the

case �g = 0. Under the standard loss function a knife-edge result obtains: for �g < 0:02 the

output gap is fully stabilized even if this induces substantial volatility in the interest rate. For

large values of �g, the policy maker loses the ability to stabilize the output gap. Feasible policy

permits limited variation in the policy rate, translating into increasing volatility in the output

gap. If the policy maker has some preference for interest-rate stabilization, perhaps re�ecting

zero-lower bound considerations, then the increase in output volatility occurs continuously

with the size of the gain. Even relatively small values of the gain lead to considerable output

gap volatility.

These exercises point to a fundamental property of optimal policy under long-term drift in

expectations: current interest rates move relatively less in response to demand disturbances

when compared to a rational expectations analysis, including movements in the natural rate

of interest. This feature can be sourced to the interplay between interest-rate policy and

long-term interest-rate beliefs. The following section provides more precise insight.

5.2 A Simple Example

To appreciate the constraint confronting policy consider a central bank faced only with i.i.d.

shocks to the natural rate rnt ; private agent beliefs initially consistent with rational expec-

tations equilibrium so that at�1 = 0; and for simplicity � = 1. Because forecasts satisfy

EtzT = 0 for all T > t, period t equilibrium is determined by the aggregate demand and

supply curves (3) and (4) which simplify to

�t = �xt and xt = � (it � rnt ) :

Given a disturbance to the natural rate of interest, complete stabilization is possible in period

t: Nominal interest-rate policy must track the natural rate, it = rnt ; giving �t = xt = 0. But

this implies subsequent movements in long-run interest-rate beliefs according to

ait = a
i
t�1 + �g

�
rnt � ait�1

�
:
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The next-period�s stabilization problem � and every subsequent period � is given by the

pair of equations

�t+1 = �xt+1

xt+1 = �
�
it+1 � rnt+1

�
� 1

1� ��a
i
t:

Complete stabilization of in�ation and the output gap is again possible by having nominal

interest rates tracking long-run expectations and the natural rate of interest. But is this

interplay sustainable? Imposing full stabilization xt+1 = �t+1 = 0 the aggregate demand

constraint de�nes the implicit policy rule

it+1 = r
n
t+1 �

�

1� �a
i
t (12)

in every period t. This expression makes clear the source of the negative eigenvalue manifest

in Figure 2. Optimal policy not only responds natural-rate disturbances, but also attempts

to o¤set movements in long-term interest rates, driven by expectations.2 Substituting into

the updating rule for beliefs, !it, gives

ait+1 =

�
1� �g

1� �

�
ait + �gr

n
t+1

which is a �rst-order di¤erence equation. Sustainable policy requires the dynamics of beliefs

to be stationary. The following restriction must hold

�g < 2 (1� �) .

For larger gains, stability is not feasible, implying beliefs and, concomitantly, interest rates

are explosive. This is not a permissible, or at least desirable, feature of optimal policy if only

because the zero lower bound on interest rates obviates such solutions.

Proposition 3 In the model given by (3) and (4), and shocks to the natural level of output,
Divine Coincidence will in general not hold in absence of cost-push shocks.

The fundamental issue here is that drifting, or unanchored, long-term interest rate expec-

tations limits the degree to which short-term interest rates can adjust at the time of a natural

2The implied interest rates of a bond of any maturity can be shown to be a function of the long-term interest
rate belief. Note also that the negative eigenvalue is prominent because of the absence of other sources of
persistence in the model. This kind of dynamics is also likely responsible for some of the observations made
in Cogley, Sbodorne and Matthius.
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rate disturbance � else long rates fall too much, overly stimulating demand. This constrains

the central bank�s ability to combat declining demand. It is important to emphasize that the

inability of the central bank to stabilize both output gap and in�ation in the face of aggregate

demand shocks stems from agents�expectations about the policy rate. For example, suppose

as in Molnar and Santoro (2013) the policymaker can directly control the output gap as the

instrument of policy, and solves the problem

min
fxt;�t;axt ;a�t g

�EREt

1X
T=t

�T�tLT

subject only to the Phillips curve (4), taking as given initial beliefs ax�1 and a
�
�1. Then it is

straight forward to show the Divine Coincidence holds, despite long-term drift in expectations

about in�ation and real activity. For further discussion see Eusepi and Preston (2015).

Evidently, the challenge to stabilization policy originates in the interplay between interest-

rate beliefs and policy. If agents had correct knowledge of long-term interest rates, giving

beliefs ait = 0 for all periods t, it would be feasible to stabilize demand shocks, restoring the

Divine Coincidence. Anchored beliefs enhance the e¢ cacy of monetary policy. The optimal

policy is given by the reaction function (12) which is precisely the optimal policy under

commitment and discretion. However, this conclusion depends on the maintained assumption

about agents�priors. For example, suppose agents have a prior belief that there is one source

of nominal drift, and employ the forecasting model

a�t = a
�
t�1 +Q

1=2
m "�t

and

zt = H
0
ma

�
t�1 + ut

where Hm = [1 0 1] : This model would be interpreted as a situation in which agents are only

unsure about the long-run objectives of in�ation policy. This single nominal drift a¤ects beliefs

about both long-run in�ation and also nominal interest rates through the Fisher relation.

Beliefs are revised according to

a�t = a
�
t�1 +Km

�
zt �H 0

ma
�
t�1
�
:

Because Km (Rm; Qm) will in general weight all forecast errors, the logic of the simple ex-

ample continues to apply. Long-run beliefs about in�ation depend on short-run interest-rate
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forecast errors, tying current policy decisions to long-term interest-rate movements. The same

stabilization challenge emerges.

5.3 Further Implications and Discussion

Two principal related insights emerge from the theory of optimal monetary policy: i) the

transmission mechanism, which operates through the expectations hypothesis of the yield

curve to aggregate demand, is itself a constraint on policy design; and ii) because of this

constraint it is optimal to limit movement in the policy rate when responding to evolving

macroeconomic conditions. Optimal policy should not be aggressive relative to the predictions

of a rational expectations analysis of the model. This means Divine Coincidence does not

hold even in the absence of cost-push shocks. These �ndings are in direct contrast to earlier

work on optimal monetary policy with non-rational expectations.

As discussed, Molnar and Santoro (2013) analyze optimal monetary in a model with

learning in which (9) and (10) are taken as the primitive decision rules, and beliefs are

given by (5). They conclude that the Divine Coincidence holds in response to a disturbance

in the natural rate, and that optimal policy should be more aggressive relative to rational

expectations. Similar conclusions on the aggressive stance of policy have been documented

by Bom�m, Tetlow, von zur Muehlen, and Williams (1997), Orphanides and Williams (2005)

and Ferrero (2007). What is the source of these inconsistent conclusions? The substantive

di¤erence concerns the transmission of monetary policy: aggregate demand in these models

does not depend on interest-rate expectations, only the contemporaneous policy rate. The

feed back e¤ects of short-run forecast errors on long-term beliefs, and therefore policy choice

does not arise. The aggregate demand equation is not a constraint. This leads to a simpler

policy design problem.

The consequences of the aggregate demand constraint are not speci�c to fully optimal

policy. Figure 5 describes the model�s stability properties under constant-gain learning when

monetary policy is implemented according to the Taylor rule

it = ��

�
�t + ~�xxt

�
where �x � ��

~�x. This is an example of �robust learning stability�proposed by Evans and

Honkapohja (2009). Each of the three contours describe the stability frontier in the constant-

gain and in�ation response coe¢ cient space. Parameter regions above a plotted contour
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Figure 5: The �gure shows stability frontiers corresponding to alternative Taylor rules. In
particular (�g; ��) above the frontier correspond to locally unstable equilibria under constant-
gain learning. The black solid line coresponds to the standard Taylor Rule. The sold (dashed)
grey line corresponds to �x = �

�
x=2 (�x = �

�
x=3) :
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indicate local instability of the equilibrium. Higher contours correspond to progressively

weaker responses to the output gap. For many gain coe¢ cients aggressive monetary policy

may not be desirable.

Interestingly, for some gain coe¢ cients even an �in�nite�in�ation response would not be

su¢ cient for stability. Rewriting the above Taylor rule as

��1� it = �t +
~�xxt

and taking the limit �� !1 gives the target criterion

�t + ~�xxt = 0:

Such an approach to implementing policy under imperfect knowledge and learning has been

argued to be desirable by Evans and Honkapohja (2006) and Preston (2008). The above

makes clear that for many gains such policies are infeasible.

Finally, a limitation of the analysis is that the proposed belief structure is subject to the

Lucas Critique. The agents�Kalman gain matrix is invariant to the policy regime in place.

On the one hand, this assumption prevents agents�learning rules being revised in response

to the policy regime which allows the policymaker to systematically exploit a given belief

structure. Nonetheless, the central implication of this property is consistent with the spirit

of our analysis: even the most sophisticated policymaker cannot fully stabilize the economy.

On the other hand, this assumption prevents the policymaker from inducing a learning rule

that might improve the stabilization trade-o¤. For example, if a policy existed that could

induce Km ! 0 then complete stabilization would be feasible � recall that this special case

delivers dynamics isomorphic to optimal discretion. Of course, in practice there are limits on

the degree to which a sophisticated policymaker can mould household and �rm beliefs. One

might reasonably ask whether a policy maker can ever achieve full credibility in the sense that

large forecast errors would not in�uence long-term beliefs. Moreover, some of the perceived

drift, such as movements in the real interest rate, might not be directly under the in�uence

of policy makers and should be taken as a constraint invariant to policy.

With these remarks in mind, we acknowledge taking a model of beliefs in which agents

have an invariant Kalman matrix is subject to this criticism. The deeper issue of providing

microfoundations for the existence of drift in long-term expectations is left to future work.
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However, Marcet and Nicolini (2003), and more recently Carvalho, Eusepi, Moench, and

Preston (2015), provide one promising approach.

6 Quantitative Implications

The theory of optimal monetary policy under long-term drift in expectations identi�es a new

trade-o¤ confronting policy design. Potential instability in long-term interest rates limits the

degree to which the central bank optimally responds to demand disturbances contempora-

neously. Obvious questions present themselves: is there evidence supporting the long-term

expectations formation presented here � are short-term forecast errors important in deter-

mining long-term expectations? And if so, do such beliefs generate an intertemporal trade-o¤

that is quantitatively important? The remainder of the paper addresses these questions.

6.1 Models of Drift

The constant-gain algorithm underpinning earlier analysis is restrictive, imposing that long-

term beliefs about any given variable are revised only in response to short-term forecast errors

attached to that variable. It rules out plausible behavior such as revising long-term interest

rate forecasts in response to recent in�ation forecast errors. Subsequent empirical work seeks

to identify the number of drifts and their dependence on short-term forecast errors. The

following two models of belief formation are estimated.

Baseline model. The model features two drifts, na = 2; one nominal, a�t , and one real,

ayt . The nominal interest-rate drift is determined by a linear combination for the nominal and

real drift:

ait = a
�
t + �iya

y
t :

In the notation of section 3:

H 0
m =

24 I2

1 �iy

35 :
To limit the number of estimated parameters, assume agents� priors on the innovation et

correspond to the short-term forecast errors under rational expectations. This gives

Rm = Ê (ete
0
t) = 


�
�E (�t�

0
t) 


�0
� :
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To simplify computations, estimate Pm directly instead of Qm. Since we have two drifts Pm

is a two-dimensional matrix, requiring three parameters to be estimated. Interest-rate beliefs

introduce the additional parameter �iy giving a total of four belief parameters to be estimated,

in addition to various structural parameters relevant to household and �rm decisions.3 The

Kalman matrix and the implied priors for the two drifts are then determined according to

Km = PmHm (H
0
mPmHm +Rm)

�1

Qm = KmH
0
mPm:

Diagonal gain. We consider an independent constant-gain model, speci�ed by the

Kalman matrix

Km =

2664
�g� 0 0

0 �gy 0

0 0 �gi

3775
which permits long-term beliefs about each variable to be updated at a di¤erent rate. This

model requires three belief parameters to be estimated.

6.2 Estimation

To estimate the model using full-information Bayesian inference requires an assumption about

the conduct of monetary policy. To begin assume that monetary policy was historically

implemented according to a Taylor-type rule of the form

it = i�t + ���t + �xxt + ���t (13)

i�t = �ii
�
t�1 + �

i
t:

There is no particular reason to assume monetary policy was conducted optimally in response

to drifting beliefs over the sample being considered. Moreover, a substantial literature argues

that simple rules of this kind provide a reasonable description of the evolution of US interest

rates. Taking this agnostic approach permits adducing evidence on the empirical relevance of

low-frequency drift in beliefs. With this evidence in hand, the quantitative implications for

3A model with two nominal drifts and one real drift was also explored. However, the model was poorly
identi�ed with the two nominal drifts being virtually identical. This mean the Hessian was not invertible. For
this reason, emphasis is given to the two drift model.
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optimal policy are evaluated. The only non-standard feature is the inclusion of a response

to the cost-push shock in the policy rule. This greatly assists the �t of the simple model,

particularly in regards to matching comovements properties of observed data.

When estimating the benchmark model use the following quarterly data, expressed in

annual terms, over the sample period 1968Q3-2009Q1, which spans the periods in which

various survey data are available: in�ation, the output gap and the nominal interest rate are

measured by the log-di¤erence of the GDP de�ator; the Congressional Budget O¢ ce (CBO)

measure of the output gap; and the three-month treasury bill rate. To identify information

about beliefs, six survey data series are employed: one- and four-quarters-ahead forecasts of

in�ation and 3-month Treasury Bill rates from the Survey of Professional Forecasters (available

from 1968Q3 and 1981Q3), and �ve-to-ten year in�ation and interest-rate forecasts (both

available at a biannual frequency from 1986Q2) constructed using the Blue Chip Economic

Indicators Survey. This missing data, along with the biannual frequency of the BCEI data,

are easily handled by Bayesian methods.

The model consists of the data generating process, (8), the learning rule, (7), and the

evolution of the exogenous shocks st = (rnt ; �t; i
�
t )
0. Some correlation between the cost-push

and the demand shocks is permitted to improve the �t of the model. De�ning the state vector

�t =
�
z0t a

0
t s

0
t a

0
t�1
�
, these relations imply the state-space form

�t = F�t�1 +Q1=2�t:

Details are in the appendix. The observation equation is

Yt = WtY
�
t
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where Wt is a matrix selecting the observables in period t and

Y �t =

266666666666666666664

4�t

4it

xt

4Êt�t+1

4Êtit+1

4Êt�t+4

4Êtit+4
4
20
Êt
P40

i=21 �t+i
4
20
Êt
P40

i=21 it+i

377777777777777777775

= �+H0�t +Got

where observation errors ot are attached to the survey data. Each of the expectations terms

are easily computed recalling

ÊtzT = at�1H
0
m + 
s�

T�tst

for any period T > t.

Table 1 reports the prior and posterior distribution of the parameters. In addition two

parametric assumptions are made: the steady-state in�ation rate is taken to be 2 percent; and

the households�discount factor 0:994, which implies a real interest rate of about 2 percent.

The model�s estimates are reasonably consistent with values typically found in the empirical

New Keynesian literature. The inverse intertemporal elasticity of substitution �, which a¤ects

the sensitivity of consumption to the real interest rate is not too di¤erent from one, while

the Calvo parameter, �, implies a price duration of about three quarters. Regarding policy,

the policy response to in�ation, ��, is about 2, while the response to output gap �x is 0:85,

substantially higher than a standard Taylor rule. The policy rule also responds positively to

cost-push shocks with a coe¢ cient �� = 0:65.

Rudimentary evidence in support of the baseline model is provided by comparing the value

of the posterior distribution at the estimated mode. The benchmark model has posterior value

of �87:6. The diagonal model, with three distinct constant gains, has posterior value �229:9.
The independent gain assumption provides a substantially poorer �t of the data. Formal

model comparison tests, while not yet completed, would strongly favor the benchmark model.

To get a better sense of the model�s performance, the �nal three �gures of the paper show
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the predictions of the model with three independent gains for the survey forecasts. The model

performance is worse compared to our baseline which is discussed further below. Interestingly,

the estimated gain are close to zero, so that in this simple model the usual independent gain

assumption appears to be poorly supported by the data.

The remaining discussion in the paper takes the baseline model as the preferred model.

The baseline model implies the following estimated gain matrix for a�t and a
x
t :

Km =

24 0:0784 �0:0099 0:0952

�0:0095 0:0018 �0:0123

35 :
Combining with Hm provides the gain on the interest rate drift ait (a linear combination of

the �rst two rows of Km)

H 0
mK =

2664
0:0784 �0:0099 0:0952

�0:0095 0:0018 �0:0123
0:0789 �0:0100 0:0957

3775
Recalling the observed data in the �ltering problem is

zt =

2664
�t

xt

it

3775
several insights emerge. First, the loadings for both in�ation and interest rates are very

similar, with forecast errors on the interest rate receiving a bit more weight. This re�ects

the relative volatility of short-term forecast errors both in the data and the estimated model.

Over the sample, the variance of in�ation forecast errors (annualized) is roughly twice that of

the interest-rate forecast errors. The prior on the volatility of et implies, however, posterior

volatilities that are closer to each other. This is re�ected in the similar coe¢ cients of the

Kalman matrix.

Second, the Kalman matrix re�ects agents�prior of a negative correlation between the

two drifts. This is broadly consistent with the negative correlation between in�ation and the

measured output gap in the sample. HP-�ltered trends for the two variables display a �0:20
percent correlation. Negative in�ation and interest-rate surprises are associated with higher

expected output in the long term.
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Figures 6, 7 and 8 provide assurances on the quality of �t. Figure 6 shows the one-quarter-

ahead forecast errors for the GDP de�ator and the 3 month Treasury Bill computed using

the observed data and the model estimates. The model does a reasonable job at �tting these

data, though clearly there are greater discrepancies for the in�ation forecast data, than for

the interest-rate data. This is consistent with the higher standard deviation estimated for

the one-quarter-ahead in�ation expectations. Figure 7 shows the four-quarter-ahead forecast

errors. For in�ation the model is consistent with the general pattern of forecast error, though

there are periods where the model fails to track high-frequency movements in the data. For

interest rates, the model picks up the cyclical movements in expectations nicely, with some

periods exhibiting systematic under prediction of the level.

Figure 8 plots the 5-10 year forecasts from the BCEI and the corresponding model pre-

dictions for 5-10 years as well as the 4-quarter-ahead forecast. The model picks up the broad

trajectory of the long-term forecasts, though generates slightly greater variation in long-term

in�ation expectations than observed in the data. Model implied long-term expectations for

both series exhibit sensitivity to short-term movements in expectations.

Finally, to get a sense of the dynamic properties of the model, Figures 9 and 10 plot the

impulse responses to a natural-rate and cost-push shock respectively. The dynamics in each

case correspond with standard thinking. The natural-rate disturbance reduces both in�ation

and the output gap, requiring a stimulatory response from the monetary authority. The

cost-push shock embeds a non-trivial trade-o¤ as in�ation rises and real activity declines.

The monetary authority restrains the degree to which in�ation increases by raising nominal

interest rates.

6.3 Implications for Optimal Policy

The previous section provides some evidence in support of the two drift model with a non-

diagonal Kalman gain matrix. We now study the consequences of this belief structure for

optimal policy. Of particular interest is the quantitative relevance of drifting beliefs for policy

design. Consider a central bank with a mandate to implement optimal policy. This mandate

represents a clear break from historical policy which is assumed to be given by the empirical

model. Suppose the central bank takes as given the Kalman gain matrix consistent with

historical beliefs attached to the Taylor rule regime. (Note that the primitive of the analysis
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is the prior matrix Qm, not the Kalman gain matrix Km. A new regime implies a new

Kalman gain matrix for �xed prior beliefs.) Interpret the exercise as representing a short-run

constraint on what can be achieved by policy. After all it seems plausible that agents would

take some time to adjust beliefs in response to the new regime. What are the implications

for optimal policy?

6.3.1 A Natural Rate Disturbance

Figure 11 plots the impulse response to a one percent decline in the natural rate for both

optimal policy under learning and optimal discretion under rational expectations. There are

several interesting properties. First, the only source of di¤erence between policy outcomes

under learning and rational expectations are due to the time-varying drifts. Hence compar-

ing interest-rate paths permits immediate inference on the consequence of drifting beliefs for

policy. Second, the impact e¤ect on interest rates di¤ers across learning and rational models,

with the slightly smaller adjustment in the former delivering a contraction in aggregate de-

mand of about one-third of a percent. Optimal policy does not fully stabilize the natural-rate

disturbance � the Divine Coincidence does not hold. Third, in subsequent periods interest-

rate paths across each policy are identical. An implication is policy does not respond to

beliefs under learning. However, in�ation falls by about two-thirds of a percent, because of

weaker expected demand conditions, which lower anticipated marginal costs into the inde�nite

future, and an expectation of lower future in�ation which reduces incentives to raise prices

today. The dynamics are hump-shaped. Output recovers quickly from lower anticipated real

interest rates, leading to standard substitution of future for current consumption. Fourth,

the optimal path for in�ation exhibits substantial persistence, remaining below the in�ation

target for several years.

Figure 12 shows analogous impulse response functions for a policymaker with a weaker

preference for output gap stabilization. The �gure assumes �x = 0:005. The broader contours

of adjustment are similar. Re�ecting the more aggressive stance towards in�ation, the impact

e¤ects on interest rates and the output gap are larger than in the benchmark case. The other

notable di¤erence is the monotonic convergence of in�ation to the steady state.
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6.3.2 A Cost-push Disturbance

Figure 13 plots the impulse response to a one percent serially uncorrelated cost-push shock.

The dynamics under optimal discretion are familiar: ine¢ cient movements in marginal costs

represent a fundamental trade-o¤ for stabilization policy. In�ation rises; the output gap falls.

In the presence of long-term drift in expectations, optimal policy leads to a less aggressive

adjustment of nominal interest rates, leading to a smaller contraction in real activity, but at

the cost of higher in�ation. This result extends earlier results on natural-rate disturbances

to cost-push shocks. Because of the intertemporal trade-o¤ embodied in distorted long-run

interest-rate beliefs, it is optimal to limit adjustment in current interest rates in response

to contemporaneous shocks. In the period after the shock, interest rates are lowered below

steady state. This leads to a small boom in real activity before gradual convergence to steady

state. Despite the rise in long-term in�ation expectations, in�ation falls in the period after

shock due to a decline in anticipated marginal costs. For completeness, Figure 14 shows the

case of a lower weight on output gap stabilization. Very similar remarks apply, with the

central di¤erence being the magnitude of impact e¤ects.

6.3.3 E¢ ciency Frontiers

Figure 15 plots e¢ ciency frontiers for the economy under both rational expectations and

long-term drift in expectations. The �gure plots the standard deviation of in�ation and the

output gap as the weight on output gap stabilization is systemically varied. Under rational

expectations the �gure delineates outcomes for both optimal commitment and discretion. As

well-known, with commitment or discretion greater preference for output gap stabilization

results in rising volatility in in�ation. The e¢ ciency frontier for the optimal commitment

policy lies strictly inside that for optimal discretion.

The frontier is strikingly di¤erent in an economy with long-term drift in expectations.

For any given level of output gap volatility in�ation is considerably more variable. Again,

this re�ects the constraint on contemporaneous interest-rate policy: potential instability in

long-term interest rates limits the central bank�s ability to respond to evolving macroeco-

nomic conditions. The frontier for drift is substantially di¤erent relative to the comparison

of commitment and discretion. The importance of this result should be underscored. The

welfare loss in moving from optimal commitment to optimal discretion is trivial in comparison
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to the welfare loss in moving from rational expectations to a model with long-term drift in

expectations. Long-term drift severely limits the e¢ cacy of optimal policy, even when the

policy maker has complete knowledge of household behavior including beliefs. This suggests a

degree of caution is appropriate when evaluating standard policy prescriptions under rational

expectations.

7 Additional Exercises

7.1 Optimal Policy under Robust Control

[TO BE ADDED]

7.2 Optimal Policy within a Class of Simple Rules

[TO BE ADDED]

8 Conclusions

[TO BE ADDED]
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9 Appendix

9.1 The Data Generating Process

Consider the class of models where the data generating process takes the form:

A0zt = A11Êt

1X
T=t

�T�tzT+1 + A12Êt

1X
T=t

(��)T�t zT+1 + A2�st�1 + A2�t

st = �st�1 + �t:

where agents Perceived Law of Motion (PLM) of the economy takes the form:

zt = H 0
mat�1 + 
sst�1 + ut

at = at�1 +Q
1=2
m �t

where H 0
m is of dimension nz � na.

Agents�forecasts are then obtained as

ÊtzT+1 = H
0
mat�1 + 
s�

T�tst; T � t

Êt

1X
T=t

�T�tzT+1 =
1

1� �H
0
mat�1 + 
s (I � ��)

�1 st

Substituting for the forecasts we get

zt = C0H
0
mat�1 + (C11
sB11 + C12
sB12 + C2) �st�1

+ [C11
sB11 + C12
sB12 + C2] �t

where

C0 = A�10

�
1

1� �A11 +
1

1� ��A12
�

B11 = (Ins � ��)
�1 ; B12 = (Ins � ���)

�1 :

C11 = A�10 A11;C12 = A
�1
0 A12;C2 = A

�1
0 A2:
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In order to �nd the matrices 
s and
� consistent with rational expectations, indeterminate

coe¢ cients implies


�s = [(C11

�
sB11�) + C12


�
sB12� + C2�]

and


�� = C11

�
sB11 + C12


�
sB12 + C2:

Vectorizing:

vec (
�s) =
�
(B11�)

0 
 C11 + (B12�)0 
 C12
�
vec (
�) + vec (C2�)

vec (
�s) =
�
Ins�ns �

�
(B11�)

0 
 C11 + (B12�)0 
 C12
�	�1 � vec (C2�) :

The true data generating process is

zt = C0H
0
mat�1 + 


�
sst�1 + 


�
��t:

9.2 State-Space Model

Recall, the true data generating process is

zt = C0H
0
mat�1 + 


�
sst�1 + 


�
��t:

Combining with the updating equations

at = (Ina �KmH
0
m) at�1 +Kmzt �Km


�
sst�1

we can express the model in the following form2666664
Inz 0 0 0

�Km Ina 0 0

0 0 Ins 0

0 0 0 Ina

3777775

2666664
zt

at

st

at�1

3777775 =
2666664
0 C0H

0
m 
�s 0

0 Ina �KmH
0
m �Km


�
s 0

0 0 � 0

0 Ina 0 0

3777775

2666664
zt�1

at�1

st�1

at�2

3777775+
2666664

��

0

Ins

0

3777775 �t:
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9.3 Optimal Policy

We consider the model with i.i.d. shocks. Write the model in compact notation as

�A0zt = �A11Ê
i
t

1X
T=t

�T�tzT+1 + �A12Ê
i
t

1X
T=t

(��)T�t zT+1 + �A2�t

which on evaluating expectations can be written as:

�A0zt = �B0at�1 + �A2�t

where

zt =

2664
�t

xt

it

3775
�A0 =

24 1 �� 0

0 1 ��1

35
�A11 =

24 0 0 0

��1 1� � ���1�

35
�A12 =

24 (1� �) � ��� 0

0 0 0

35
�A2 =

24 0 � 0

��1 0 0

35 :
and

�B0 =
1

1� �
�A11 +

1

1� ��
�A12

The policymaker�s problem can then be written as

min
yt;zt;at

E0
1X
t=0

�t

8>>>>>>>>>>>><>>>>>>>>>>>>:

1
2
z0tWzt+

�01;t|{z}
1�(nz�1)

h
� �A0zt + �B0at�1 + �A2�t

i
+

�02;t|{z}
1�na

[�at + (Ina �Km) at�1 +Kmzt] +

9>>>>>>>>>>>>=>>>>>>>>>>>>;
34



which has the �rst-order conditions

1

2
z0t (W +W 0)� �01;t �A0 + �02;tKm = 0

��02;t + �Et�01;t+1 �B0 + �Et�02;t+1 (Ina �Km) = 0:

Transposing, and using the fact that W is diagonal, provides

� �A00�1;t +K 0�2;t +Wzt = 0

�2;t = � �B
0
0Et�1;t+1 + � (Ina �Km)

0Et�2;t+1:

The evolution of the economy is then described by the following equations

� �A00�1;t +K 0�2;t +Wzt = 0

�2;t = � �B
0
0Et�1;t+1 + � (Ina �Km)

0 Et�2;t+1

�A0zt = �B0at�1 + �A2�t

at = (Ina �Km) at�1 +Kmzt:
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Table 1: Baseline Model

Prior Posterior

Parameters Distribution Mean Std Mode 95% interval

� Beta 0.66 0.08 0.66 0.61;0.70

� Gamma 1.00 0.30 1.24 0.87;1.71

�� Gamma 2.00 0.15 2.05 1.83;2.28

�x Gamma 0.12 0.10 0.84 0.51;1.64

�� Normal 0 1 0.65 0.28;1.43

�r Beta 0.70 0.12 0.89 0.91;0.93

�� Beta 0.70 0.12 0.82 0.89;0.93

��{ Beta 0.70 0.12 0.76 0.59;0.70

�r Igamma 0.5 4 0.14 0.13;0.18

�� Igamma 0.5 4 0.89 0.81;1.02

��{ Igamma 0.5 4 0.79 0.65;1.09

�r� normal 0 5 -0.19 -0.24;-0.15

p11 Igamma 0.1 5 0.09 0.078;0.11

p22 Igamma 0.1 5 0.02 0.015;0.054

p21 Normal 0 5 -0.01 -0.02; -0.007

�iy Normal 0 5 -0.05 -0.081;-0.011

4�1Q;� Igamma 0.1 1 0.72 0.64;0.82

4�1Q;i Igamma 0.1 1 0.68 0.61;0.78

4�4Q;� Igamma 0.1 1 0.21 0.18;0.25

4�4Q;i Igamma 0.1 1 0.43 0.38;0.50

4�510Y ;� Igamma 0.1 1 0.28 0.24;0.36

4�510Y ;i Igamma 0.1 1 0.29 0.24;0.38
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Figure 6: One-quarter ahead forecast errors. Top panel shows the data and model
predictions for the GDP de�ator. The bottom panels gives corresponding values for 3-month
Treasury Bill.
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Figure 7: Four-quarter ahead forecast errors. Top panel shows the data and model
predictions for the GDP de�ator. The bottom panels gives corresponding values for 3-month
Treasury Bill.
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Figure 8: Five-to-ten year forecast errors. Top panel shows the data and model predic-
tions at both the 4 quarter and 5-10 year horizon for the GDP de�ator. The bottom panels
gives corresponding values for 3-month Treasury Bill.
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Figure 9: Impulse response functions for a natural-rate disturbance and a Taylor Rule.
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Figure 10: Impulse response functions for a cost-push disturbance and a Taylor Rule.
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Figure 11: Impulse response for a natural-rate shock under optimal policy and diagonal gain
beliefs. Learning is the black line; rational expectations the red line.
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Figure 12: Impulse response for a natural-rate shock under optimal policy and low weight on
output gap stabilization. Learning is the black line; rational expectations the red line.
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Figure 13: Impulse response for a cost-push shock under optimal policy. Learning is the black
line; rational expectations the red line.
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Figure 14: Impulse response for a cost-push shock under optimal policy with low weight on
output gap stabilization. Learning is the black line; rational expectations the red line.
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Figure 15: Taylor Frontier under optimal commitment, optimal discretion and optimal policy
with long-term drift in expectations.
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Figure 16: One-quarter ahead forecast errors with constant gain beliefs. Top panel
shows the data and model predictions for the GDP de�ator. The bottom panels
gives corresponding values for 3-month Treasury Bill.
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Figure 17: Four-quarter-ahead forecast errors with constant gain beliefs. Top panel
shows the data and model predictions for the GDP de�ator. The bottom panels
gives corresponding values for 3-month Treasury Bill.
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Figure 18: Five-to-ten year forecast errors with constant gain beliefs. Top panel
shows the data and model predictions at both the 4 quarter and 5-10 year horizon
for the GDP de�ator. The bottom panels gives corresponding values for 3-month
Treasury Bill.
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